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This paper examines steady-state crack growth at interfaces between polymeric materials and hard substrates under
quasi-static conditions. The polymeric material is taken to be an elastic nonlinear viscous solid while the substrate is trea-
ted as a rigid material. Void growth and coalescence in the rate-dependent fracture process zone is modeled by a nonlinear
viscous porous strip of cell elements. In the ﬁrst part of this paper, the polymeric background material surrounding the
process zone is assumed to be purely elastic. Under ﬁxed mode mixity, the computed interface toughness is found to be
a monotonically increasing function of crack velocity; toughness also increases rapidly with higher rate sensitivity. This
behavior can be explained in terms of voids growing in a strain-rate strengthened process zone. In the second part of
the paper, the background material is also treated as an elastic nonlinear viscous solid. The competition between work
of separation in the process zone and energy dissipation in the background material leads to a U-shaped toughness–crack
velocity curve. Eﬀects of mode mixity, initial porosity, rate sensitivity, as well as the initial yield strain on toughness are
studied. The simulations produce trends that agree with interface toughness vs. crack velocity data reported in experimen-
tal studies for rubber toughened epoxy-paste adhesive and urethane acrylate adhesive.
 2008 Elsevier Ltd. All rights reserved.
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Interface debonding in layered material structures can compromise the reliability and long term durability
of devices for electronic applications. For example, the delamination of polymer-Si interfaces is frequently
observed during surface mounting of electronic packages onto the printed circuit board under high tempera-
tures in IC package industry (Omi et al., 1991). To gain a better understanding of interface delamination in
these applications, it would appear that one would have to take into account the time-dependent behavior of
polymers as well as mixed mode and rate eﬀects on the process of delamination.
Experimental studies on interface crack growth have been widely reported in the literature for polymers
bonded to stiﬀ substrates (e.g. Conley et al., 1992; Liechti and Wu, 2001; Korenberg et al., 2004). These studies0020-7683/$ - see front matter  2008 Elsevier Ltd. All rights reserved.
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microns, at the interface. Further examination of fracture surfaces shows that such surfaces consist of dimples
separated by ﬂat, seemingly brittle ligament failures (Creton et al., 1992; Liechti and Wu, 2001). These studies
point to the signiﬁcant role of cavity growth and coalescence in the delamination of interfaces. Among other
things, certain experiments report data in which the fracture toughness is a non-monotonic function of the
crack velocity (e.g. Korenberg et al., 2004).
Rate-dependent debonding at an interface between a ﬁber-reinforced polymer and a hard substrate has
been studied using a cohesive zone model (Roy et al., 2006). Their work demonstrates the strong inﬂuence
of rate-dependence of the cohesive zone on the relationship between the work of fracture and speed of deb-
onding. In an earlier study, Tvergaard and Hutchinson (1993) employed a cohesive zone model with a
rate-independent traction separation law to compute the crack growth resistance for bimaterial interface
delamination. This work clariﬁed the relative contributions of separation energy at the interface vis-a`-vis plas-
tic dissipation in the material surrounding the interface to the macroscopic fracture toughness. Computational
studies on interface delamination taking account of void growth mechanism and vapor pressure eﬀect were
made by Cheng and Guo (2003) and Chew et al. (2005), using an extended rate-independent Gurson model
(Guo and Cheng, 2002, 2003). They showed that accelerated void growth and coalescence caused by vapor
pressure can greatly reduce the fracture toughness.
In this work, we study the crack velocity-dependent interface toughness for an elastic nonlinear viscous
solid bonded to a rigid substrate. Continuing along the line of the study of Tang et al. (2007), we incorporate
rate-dependent void growth into the modeling of the interface fracture process zone (FPZ). This is eﬀected by
utilizing the cell element approach proposed by Xia and Shih (1995a). In this approach the FPZ is represented
by a row of void-containing cell elements placed ahead of the crack as well as along the crack ﬂank (see Fig. 1).
Such cell elements, with size scales relevant to the failure mechanism, are governed by a micromechanics-based
constitutive relation. Surrounding the array of cell elements is the background material which can be described
by conventional constitutive relations. The constitutive relations for the background material and the FPZ are
discussed Section 2. Included here is the boundary layer formulation for small-scale yielding under plane
strain conditions. Section 3 describes the numerical procedure employed to solve the steady-state interface
crack growth problem. Interface toughness for crack velocities spanning more than six orders of magnitude
and a range of mode mixity are presented in Sections 4–6. Section 7 concludes this paper.
2. Problem formulation
Fig. 1a shows the schematic of an interface crack between two dissimilar materials. The material above the
interface is an elastic nonlinear viscous solid with Young’s modulus E, Poisson’s ratio m and yielding stress r0.
The material below is taken to be elastic with Young’s modulus, Es and Poisson’s ratio, ms. As shown by elas-
tic–plastic analyses of bimaterial interfaces (Shih and Asaro, 1988; Tvergaard and Hutchinson, 1993), the
computed plastic zones and interface toughness are not strongly aﬀected by neglecting the elasticity of the stif-
fer substrate. Moreover, assuming the lower half space to be rigid greatly facilitates the computations by
reducing the set of parameters as well as the size of the computational model. Hence, lower half space is taken
to be rigid in the present study. The elastic bimaterial K-ﬁelds are applied at distances that are large compared
to the size of the inelastic zones.
2.1. Small scale yielding
The elastic stress ﬁeld for a bimaterial interface crack has the formrij ¼ Re½Kr
iﬃﬃﬃﬃﬃﬃﬃ
2pr
p ~rIijðh; Þ þ
Im½Kriﬃﬃﬃﬃﬃﬃﬃ
2pr
p ~rIIijðh; Þ ð2:1Þwhere K is the complex stress intensity factor, i in the power function of r is the imaginary number, Re and Im
are the real and imaginary part of complex arguments, and the polar coordinates (r, h) relative to the crack tip
are deﬁned in Fig. 1a. The angular stress functions ~rIij and ~r
II
ij can be found in (Shih, 1991). The oscillation
index  is given by
Fig. 1. (a) Schematic of the steady-state crack growth along bimaterial interface under small scale yielding conditions, K = KI + iKII. (b)
Schematic of ﬁnite element mesh near the crack tip.
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ð2:2Þwhere b is the Dundur’s elastic mismatch parameter. For the elastic–rigid material system under study,b ¼  1
2
1 2m
1 m : ð2:3ÞThe mode mixity w, a measure of shear stress relative to normal stress at the interface, can be deﬁned bytanw ¼ ImðKL
iÞ
ReðKLiÞ ð2:4Þwhere L is a chosen reference length. Following Tvergaard and Hutchinson (1993), we takeL ¼ 2
3p
E
1 m2
C0
ð1 b2Þr20
ð2:5Þwhere C0 is the work of separation at fracture, approximated as C0 = r0D (see, e.g., Cheng and Guo, 2003). As
shown in Fig. 1a, D is the thickness of the steady-state fracture process zone. For crack growth in a rubber-
modiﬁed epoxy, Du et al. (1998, 2000) showed that the nominal width of the process zone is greater than
50 lm. For crazing of polymeric material, D represents the craze zone thickness, ranging from 0.1 to 5 lm
2496 S. Tang et al. / International Journal of Solids and Structures 45 (2008) 2493–2511(Kambour, 1973; Do¨ll, 1983). With the above choice of L, w measures the relative proportion of shear to nor-
mal stress on the interface at a distance from the crack tip comparable to the inelastic zone size.
In the main paper, the fracture process zone is modeled by a single row of void-containing cell elements (see
Fig. 1b). In Appendix A, we model the FPZ by several rows of void-containing cell elements and compare the
computed toughness-velocity curves of the two models.
A quasi-static plane strain analysis is carried out for a semi-inﬁnite crack propagating at constant velocity _a
along the bimaterial interface. With the assumption that lower substrate is rigid, only the upper half plane
needs to be analyzed. It is modeled by a large rectangular domain with the outer dimensions of 16,000-D.
The ﬁnite element mesh (Fig. 1b) is ﬁxed with respect to the moving crack tip. Along the remote boundary
of the domain, a constant jKj stress ﬁeld (2.1) is applied. The steady-state process zone as formulated next
is represented by a layer of cell elements. This approach assumes that the primary mechanism for crack
advance is rate-dependent void growth.
2.2. Rate dependent material model
In this work, the background material can be governed by conventional constitutive laws, e.g., elastic, elas-
tic–plastic, or viscoelastic. By contrast, the fracture process zone is represented by cell elements which models
micromechanism of separation, e.g., void initiation, growth and coalescence (Xia and Shih, 1995a). While the
fracture processes are typically rate-dependent for the polymeric materials of interest here, some have argued
that linear elasticity might oﬀer a better description of the bulk polymer for temperatures that are well below
the glass transition temperature. When the background material is prescribed to be linear elastic, the approach
adopted in this work can be viewed as embedding a rate-dependent crack growth mechanism into a Dugdale-
type approach (Dugdale, 1960). In the next sub-sections, we summarize the viscoelastic constitutive models for
the background material and the fracture process zone.
2.2.1. Background material
The background material surrounding the fracture process zone is incompressible and obeys a nonlinear
viscous (power-law creep) relation1 Ste
strain
initiati
tenden_ecij ¼
3
2
_0
re
r0
 n sij
re
ð2:6Þ
where _0 is the reference strain rate under the reference stress r0, n the strain-rate exponent, re the eﬀective
stress such thatre ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
sijsij
rand sij = rij  rmdij is the deviatoric stress with rm = rkk/3 signifying the mean stress. The elastic strain rate is
given by_eeij ¼
1þ m
E
_rij  mE _rkkdij: ð2:7ÞWithin the present formulation, the response of the background material can also be governed entirely by (2.7)
in which case the background material is purely elastic.
Certain polymers also exhibit pressure-sensitivity as well as softening after initial yield followed by progres-
sive rehardening at large strains. Some of these aspects are discussed in recent works (see Estevez and van der
Giessen (2005), Cheng and Guo (2007), and references therein). Strain softening and subsequent rehardening
of polymers can be a topic for a future study.1 In this work, we conﬁne attention to nonlinear viscous eﬀects on
toughness of interfaces.enbrink et al. (1997) carried out a cell study using an improved eight-chain model (Wu and Van der Giessen, 1993), incorporating
softening and subsequent rehardening of polymers. Related to these plastic ﬂow characteristics, void growth is controlled by the
on and propagation of shear bands in the neighborhood of void equator. They showed that intrinsic softening enhances the
cy for formation of localized shear bands.
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A micromechanics-based porous material model incorporating vapor pressure eﬀects has been developed in
greater detail in Tang et al. (2007). Here we highlight the key features as follows.
For porous materials with power-law creep matrix, there exists the macroscopic stress potential2 Xia
stress-
resultinWðtÞ ¼ 1
nþ 1 ð1 f Þr0 _0
r
r0
 nþ1
ð2:8Þwhere t = r + p1 = s + (rm + p) 1 is the generalized stress tensor, introduced to account for the hygroscopic
behavior of certain polymeric materials inﬁltrated by moisture with internal pressure p, and r represents an
average eﬀective stress of the matrix, which is a function of the void volume fraction f and the generalized
stress t. The macroscopic inelastic strain rate _ec is given by_ecij ¼
oW
otij
: ð2:9ÞThe average eﬀective stress of the matrix, r, can be implicitly deﬁned by a Gurson-like loading functionF ¼ te
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 2
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 2
 ð1þ f 2  2mf Þ ¼ 0 ð2:10Þwhere te = re, tm = rm + p, m is the reciprocal of strain rate exponent n, andb1 ¼ ln fð1f Þm=ð1þmÞðð1f mÞ=ðmfmÞÞ1=ð1þmÞ ;
b2 ¼ ð1f Þ
2
f ð1f Þ2m=ð1þmÞðð1f mÞ=ðmfmÞÞ2=ð1þmÞ :
ð2:11ÞThe time evolution of the void volume fraction is_f ¼ ð1 f Þ_eckk ð2:12Þ
which follows from the incompressibility of the nonlinear viscous matrix. Our primary interest here is void
growth.2 A further development is to introduce a cavitation law in the model accounting for microvoid nucle-
ation in polymeric materials.
The elastic strain rate in the fracture process zone is given by (2.7). Therefore, the constitutive behavior of
the fracture process zone can be completely described by Eqs. (2.7), (2.9), (2.10) and (2.12). Attention in this
paper is conﬁned to the case of p = 0.
3. Steady-state crack growth
For steady-state crack growth in the x direction, any rate quantity can be related to the spatial derivative
with respect to x through the crack velocity _a. For example the void growth rate is_f ¼  _a of
ox
: ð3:1ÞAn iterative ﬁnite element solution procedure is adopted to solve the steady-state problem, which is similar to
that used by Dean and Hutchinson (1980) and Landis et al. (2000). The ﬁnite element equations are derived
from the principle of virtual work, in which inelastic strains can be integrated as the right-hand force. The
solution of this problem is initiated by applying the elastic K-ﬁeld to the domain (At the right side of the rect-
angular domain, the inelastic strain ecij is set to zero and the porosity f takes the initial value f0). Nonzero
inelastic strains as well as the porosity are then computed by integrating the constitutive law along streamlines
in the x direction. Such integration becomes the starting point for iteration towards the nonlinear solution forand Shih (1995b) explored the eﬀect of pre-existing large voids and nucleation of small-scale voids on fracture toughness via a
or strain-controlled nucleation law. They found that the stress or strain-controlled void nucleation does not signiﬁcantly aﬀect the
g fracture toughness (See Fig. 8 therein). The topic merits further investigation.
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method of Peirce et al. (1984) and use a modiﬁed backward Euler method to integrate the constitutive rela-
tions for the fracture process zone and the bulk solid.
Guided by experimental observations (e.g. Kinloch et al., 1986; Du et al., 2000), we employ a critical void
volume fraction criterion for crack advance under steady-state conditions, viz f = fE. In particular, we choose
fE = 0.2. During the iterative solving of the steady-state problem, the applied jKj is adjusted until the average
void volume fraction over the ﬁrst element at the crack tip reaches fE. Computational studies by Shih and Xia
(1995) on the cell element approach have demonstrated that toughness depends strongly on f0 and less so on fE.
The driving force to propagate an interface crack can be represented by the J-integralJ ¼ ð1 b
2Þð1 m2Þ
2E
jKj2 ð3:2Þfor elastic–rigid substrate system. The condition for steady-state crack growth can be stated asJ ¼ Css ð3:3Þ
where Css signiﬁes the steady-state toughness.
Dimensional analysis suggests that the steady-state toughness Css depends on dimensionless combinations
of the model parameters:Css
r0D
¼ C _a
_0D
;
r0
E
; m; n; f0;w
 
: ð3:4ÞThickness of the steady-state process zone, D, enters explicitly as a scaling length.
Under steady-state crack growth, two components contribute to the overall work,Css ¼ Cf þ Cb ð3:5Þ
where Cf represents the intrinsic toughness deﬁned by the work of separation in the FPZ, and Cb the extrinsic
toughening contribution from inelastic dissipation in the background material.
We note that contributions to the overall toughness from the wake of the crack in rubber-modiﬁed
polymers have been studied by Evans et al. (1986). The experimental studies of Du et al. (1998) showed that
R-curve behaviors can be directly correlated to the evolution of the process zone.
We direct attention to the eﬀects of w, n and r0/E on interface toughness over a range of crack velocities.
Unless otherwise stated, the material parameters r0/E = 0.02, m = 0.35 are assumed. The small scale yielding
condition is maintained by controlling the maximum spatial extent of the accumulated inelastic strain (com-
parable to r0/E) to within 5% of the outer dimensions of the domain.
Hui and Riedel (1981) explored the stress and strain ﬁelds near the tip of a steadily growing crack in homo-
geneously elastic nonlinear viscous materials. In a recent work, Tang et al. (2008) reproduced the singularity
ﬁeld using the same steady-state numerical scheme. They also found that the Hui-Riedel singularity (n > 3) has
a limited range of validity. Guided by the above studies, the present parametric study of bimaterial interfaces
focuses on n > 3.
4. Elastic background material with rate-dependent process zone
In this section, the fracture process zone is modeled by rate-dependent cell elements while the background
material is taken to be purely elastic. For this case, only the work of separation in the FPZ, Cf, contributes to
the steady-state toughness Css.
4.1. Mode mixity eﬀect
To study mode mixity eﬀects, we chose a fracture process zone with moderate strain-rate sensitivity n = 6.
Fig. 2 displays the normalized steady-state toughness, Css/(r0D), as a function of mode mixity w for several
crack velocities. Observe that the interface toughness-mode mixity curves are not symmetric relative to the
phase angle w = 0. The minimum toughness is typically attained at the positive range of phase angles. As
Fig. 2. Steady-state toughness as a function of mode mixity for several crack velocities with r0/E = 0.02, n = 6. (a) f0 = 0.01; (b) f0 = 0.05.
The background material is purely elastic.
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when the crack velocity is _a=ð_0DÞ ¼ 108, the minimum toughness is located at about w = 45– see Fig. 2a
for f0 = 0.01. A similar trend is observed in Fig. 2b for f0 = 0.05. The locations of these minima are quite dif-
ferent from those reported in the literature for rate-independent elastic–plastic materials. While these interface
toughness vs. mode mixity curves are also asymmetric, their minima lie in the vicinity of w = 0 (Tvergaard
and Hutchinson, 1993).
Fig. 2 also shows that the interface toughness under negative shear, w < 0, is higher than that for positive
shear w > 0. This behavior suggests that negative shear is more eﬀective in suppressing void growth in the frac-
ture process zone and hence elevate the fracture toughness.4.2. Strain-rate eﬀect
We direct attention to the strain-rate eﬀects on the relationship between interface toughness and crack
velocity. Delamination at polymeric/silicon interfaces in electronic packaging typically occurs near mode II
dominated phase angles. As such, we chose w = 45. Fig. 3 shows the steady-state interface toughness for four
strain rate exponents, n = 4, 6, 10, and 25.
Observe from Fig. 3 that the computed interface toughness is a monotonically increasing function of the
crack velocity. This trend has been observed experimentally by Conley et al. (1992). Such behavior has also
Fig. 3. Steady state toughness as a function of crack velocity for several strain rate exponents with r0/E = 0.02, w = 45. (a) f0 = 0.01; (b)
f0 = 0.05. The background material is purely elastic.
2500 S. Tang et al. / International Journal of Solids and Structures 45 (2008) 2493–2511been reported for crack growth in homogenous polymeric materials – see Tang et al. (2007) for computational
simulations as well as for additional references to experimental results. Tang et al. (2007) have argued that as
the crack velocity increases, voids grow in a strain-rate strengthened microporous strip. As a result, the work
to rupture a unit cell in the fracture process zone increases for fast growing crack, thereby elevating the frac-
ture toughness.
The above argument can also be corroborated by comparing toughness-velocity curves for high rate sen-
sitivity, n = 4, 6 with those for low rate sensitivity, n = 10, 25. The former curves lie well above the latter over
a wide range of crack velocities. The absence of strain-rate strengthening is evident for the nearly rate-inde-
pendent process zone, n = 25. Here the increase of toughness with crack velocity is negligible.5. Rate-dependent background material and process zone
In this section, the rate-dependent background material obeys the elastic nonlinear viscous relation
described in Section 2. With attention on moderate strain-rate sensitivity, n = 6, for both the FPZ and the
background material, Fig. 4 plots the steady state toughness vs. mode mixity for several crack velocities.
Observe that the interface toughness-mode mixity curves are also asymmetric. The minimum toughness
Fig. 4. Steady-state toughness as a function of mode mixity for several crack velocities with r0/E = 0.02, n = 6. (a) f0 = 0.01; (b) f0 = 0.05.
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angles. While a similar trend can be seen in Fig. 2, it is more distinct in Fig. 4.
By comparing the toughness values in Figs. 2 and 4, one could infer that at high crack velocity, e.g.
_a=ð_0DÞ ¼ 108, the work of separation in the FPZ is the main contributor to the macroscopic fracture tough-
ness. At the lower velocity, e.g. _a=ð_0DÞ ¼ 104, the energy dissipation in the background material is dominant.
These observations can be conﬁrmed in connection with discussion on rate-independent FPZ in Appendix B.
5.1. Maps of inelastic zones
To gain a better understanding of energy dissipation in the background material, we ﬁrst examine how
inelastic zone size is aﬀected by mode mixity and crack velocity. To this end, we consider three phase angles:
w = 30, 0, 45. In the interest of space, we present results for background material and FPZ of moderate
rate sensitivity n = 6, with f0 = 0.01.
Fig. 5a shows the contours of the accumulated inelastic strain c = 0.005 around the interface crack for
_a=ð_0DÞ ¼ 107. Of the three mode mixity, the positive shear w = 45 generates the largest inelastic zone size
and w = 0 the smallest. The case of negative shear w = 30 lies between them. One other feature is worth
noting. In contrast to w = 0, 30, positive shear (w = 45) induces a creep zone that extends well ahead of
the crack tip.
Fig. 5. (a) Contour plots of the accumulated inelastic strain, c = 0.005; (b) inelastic zone height in the wake region, hw/D, vs. the crack
velocity for several mode mixity for f0 = 0.01, n = 6, and _a=ð_0DÞ ¼ 107.
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for w = 30, 0, 45. It can be seen that the inelastic zone size is a decreasing function of crack velocity. This
behavior supports an earlier observation that background energy dissipation decreases as crack speed
increases. Another point can also be made by comparing the creep zones in Fig. 5a for w = 30 and 45 with
the respective toughness values shown in Fig. 4a – see curve for _a=ð_0DÞ ¼ 107. It is clear that a large inelastic
zone size does not necessarily imply large fracture resistance. One can also infer that negative shear is more
eﬀective in suppressing void growth in FPZ and this contributes to a larger work of separation. The end result
is a higher overall toughness value.
It is useful to examine the eﬀective stresses around the growing crack at two typical crack velocities,
_a=ð_0DÞ ¼ 105 and 107, for n = 6 and f0 = 0.01. Fig. 6a displays contours of the eﬀective stress re/r0 = 1.0
at _a=ð_0DÞ ¼ 105 for w = 30, 0, 30. When the remote load shifts from negative to positive shear, the zone
size of the eﬀective stress increases. For w = 30, the contour encompasses a large zone ahead of the crack,
implying large energy dissipation in the background material.
Fig. 6b shows contours of the eﬀective stress re/r0 = 1.0 at _a=ð_0DÞ ¼ 107 for w = 30, 0, 30, 45. The
contours for w = 30 and 0 are similar to those at a lower crack velocity ( _a=ð_0DÞ ¼ 105Þ. However as the
phase angle shifts towards positive angles, the contour maps display an unusual feature. The contour for
w = 30 terminates at the crack ﬂank with a surprising tail. This tail is even more distinct for w = 45. This
phenomenon appears to depend nonlinearly on the crack velocity and mode mixity.
Fig. 6. Contour plots of the eﬀective stress re/r0 = 1.0 around the growing crack for several mode mixity with n = 6 and f0 = 0.01: (a)
_a=ð_0DÞ ¼ 105; (b) _a=ð_0DÞ ¼ 107.
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Fig. 7 displays the steady-state interface toughness vs. crack velocity for two diﬀerent initial void volume
fractions and several phase angles ranging from 30 to 40. We ﬁrst concentrate on f0 = 0.01 in Fig. 7a.
Observe that all four toughness vs. crack velocity curves do not have a unique trend with respect to the crack
velocity. It can also be seen that the toughness curve for w = 30 lies well above those for positive phase
angles. At high crack velocities, _a=ð_0DÞP 107, an interesting feature develops. The toughness curves for posi-
tive phase angles, wP 0, appear to converge towards a single curve. A similar behavior can also be detected in
Fig. 7b for f0 = 0.05. At this higher level of initial porosity, a diﬀerent behavior is also observed. For w = 30
and 0, toughness is a monotonically increasing function of crack velocity.
To sum up, U-shaped toughness–crack velocity curves are obtained over a wide range of mode mixity.
Indeed such behavior has been observed experimentally for interface crack growth in strain rate dependent
polymers bonded to hard substrate (Korenberg et al., 2004). While this behavior also appears to be prevalent
in the course of this study, toughness that increases monotonically with crack velocity are found under some
conditions, e.g. w 6 0, and for higher initial porosity, e.g. f0 = 0.05.
The factors contributing to U-shaped toughness–crack velocity curves arise from the competition between
energy dissipation in the background material and work of separation in the FPZ (Tang et al., 2007). As the
crack velocity increases, voids grow in a strain-rate strengthened microporous strip thereby elevating the work
Fig. 7. Steady-state toughness as a function of crack velocity for several mode mixity with r0/E = 0.02, n = 6. (a) f0 = 0.01; (b) f0 = 0.05.
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increases. In the regime where the work of separation dominates, interface toughness increases with increasing
crack velocity. In the regime dominated by viscoelastic dissipation, interface toughness decreases with crack
velocity. The latter behavior has also been reported experimentally by Saulnier et al. (2004).
For U-shaped curves of fracture toughness vs. crack velocity, we denote the minimum fracture toughness
and the corresponding crack velocity by Css and _a
 respectively. It can be seen from Fig. 7 that Css and _a

increase with w for positive shear. The behavior of the minima of the toughness curves appears to be related
to high (positive) mode mixity enhancing both the energy of separation in the FPZ and energy dissipation in
the background material.
5.3. Strain rate and viscous eﬀects
Fig. 8 displays the steady-state interface toughness vs. crack velocity for four levels of strain-rate sensitivity:
n = 6, 7, 8, 10. The phase angle is ﬁxed at w = 30. The U-shaped behavior in Fig. 8a is more distinct and this
can be attributed to the low initial porosity f0 = 0.01. Low initial porosity means that more work is required to
separate the voided material in the FPZ. That is, a larger amount of energy of separation, Cf, is brought into
the competition with the energy of dissipation in the background material, Cb. At the same time, strain rate
sensitivity enhances the competition between Cf and Cb to the overall toughness, e.g. see toughness curve for
Fig. 8. Steady-state toughness as a function of crack velocity for several strain-rate exponents at w = 30 with r0/E = 0.02, n = 6. (a)
f0 = 0.01; (b) f0 = 0.05.
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those for n = 10. Such rate eﬀects are moderated by a higher porosity f0 = 0.05, resulting in ﬂatter U-shaped
curves as found in Fig. 8b. With low rate sensitivity, n = 8 and 10, the work of separation in the FPZ becomes
dominant, and results in toughness slowly increasing with crack speed. This behavior is similar to the one
shown in Fig. 3b for n = 10 (for crack growth in an elastic background material).5.4. Yield strain eﬀect
Guided by the experimental results (Kramer and Berger, 1990; Do¨ll, 1983), we associate r0 in our material
model with the initial yield stress of polymeric material exhibiting yield-like behavior. The results presented
thus far pertain to (normalized) initial yield strain r0/E of 0.02 which is typical for some polymeric materials.
To explore yield strain eﬀects, results for r0/E = 0.01 and 0.04 are presented next.
Fig. 9 displays toughness vs. crack velocity curves for materials exhibiting diﬀerent initial yield strains. In
the low crack velocity range, _a=ð_0DÞ < 105, high yield strain results in lower toughness. This shielding eﬀect is
similar to that observed for rate-independent elastic–plastic material (Cheng and Guo, 2003). (In the limiting
case _a ! 0, the present computational results can reduce to those for rate-independent elastic–plastic mate-
Fig. 9. Steady-state toughness as a function of crack velocity for three initial yield strains, r0/E = 0.01, 0.02 and 0.04, at w = 0 with n = 6,
f0 = 0.05.
2506 S. Tang et al. / International Journal of Solids and Structures 45 (2008) 2493–2511rial). However, a diﬀerent trend is observed at high crack velocities – high yield strain results in high
toughness.
In the mid range of crack velocities, interface toughness is a non-monotonic function of yield strain. This
behavior is consistent with the work reported by Kinloch and Young (1983, p. 311). They tested several poly-
meric materials and showed that the fracture toughness is a non-monotonic function of yield stress. The curves
in Fig. 9 for the intermediate crack velocities may oﬀer a plausible explanation for their experimental ﬁndings.6. Comparisons with experiments
Korenberg et al. (2004) measured interface fracture toughness vs. crack velocity using an adhesively-
bonded tapered double-cantilever beam specimen with monotonically loaded tests. The adhesive employed
in their experiment is hot-cured, rubber toughened epoxy-paste adhesive based upon a diglycidyl ether of
bisphenol. The substrate is steel (Grade BS 970 070M55). The experimental data of toughness vs. crack veloc-
ity, shown in Fig. 10a, is taken from their Fig. 3 of their paper.
Conley et al. (1992) have studied the crack growth at a viscous adhesive/glass interface. A four-point ﬂexure
apparatus coupled with an inverted optical microscope was used to characterize the fracture toughness of a
urethane acrylate/glass interface. The experimental toughness data, shown in Fig. 10b, is taken from their
Fig. 7.
Figs. 10a and b plot the computed interface toughness vs. crack velocity (represented by solid lines) against
the two sets of experimental data (marked by open circles). The material parameters used to generate the sim-
ulations are summarized in Table 1. One can see that the simulated toughness curves are in a good agreement
with the experimental data. It is also worth noting that calibrated values of the model parameters used in the
simulation are consistent with values reported in experimental observations. We should also add that in gen-
erating the toughness curve displayed in Fig. 10b, the background material is assumed to be linear elastic. This
is motivated by the fact that the experiments involve thin adhesive layer of urethane acrylate joined to thick
and stiﬀ substrates.7. Concluding remarks
Crack growth at the interface between an elastic nonlinear viscous solid and a rigid substrate has been stud-
ied by a micromechanics-based constitutive law for porous nonlinear viscoelastic solid. In this study, we adopt
the cell element approach in which the FPZ is modeled by an array of cell elements placed at the interface. The
Fig. 10. Comparison with experimental results. The solid lines are the present FEM simulation for bimaterial interfaces. The open circles
are the experimental data from: (a) Korenberg et al. (2004); (b) Conley et al. (1992).
Table 1
Material properties for experimental comparison in Fig. 10a and b
E (GPa) m n _0ðs1Þ r0 (MPa) D (lm) f0
Fig. 10a 2.6 0.35 6 2  104 52 1.02 0.01
Fig. 10b 0.26 0.35 6 0.32  104 5.2 0.1 0.01
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assumes that the primary mechanism for interface crack advance is rate-dependent void growth.
The present computation oﬀers some insights on the relationship between interface fracture toughness and
crack velocity. In one regime, interface toughness can be a decreasing function of crack velocity. In another, it
can be an increasing function of crack velocity. Sometimes both behaviors are found over diﬀerent ranges of
the crack velocity in the same bimaterial. These diﬀerent behaviors reﬂect the competition between energy dis-
sipation in the viscoelastic background material and the work of separation in the rate-sensitive FPZ. The
competition is also aﬀected by mode mixity and strain rate sensitivity, as well as the initial porosity of the FPZ.
In this work, we address the above competition using three constitutive models: (i) elastic background
material with rate dependent process zone; (ii) rate-dependent background material and process zone; (iii) rate
2508 S. Tang et al. / International Journal of Solids and Structures 45 (2008) 2493–2511dependent background with rate independent process zone which is discussed in Appendix B. These models
can contribute to our understanding of mode mixity and rate eﬀects on the relationship between interface
toughness and crack velocity. As a rule, when the work of separation dominates over background energy dis-
sipation, toughness increases with crack velocity. In contrast, toughness decreases when background energy
dissipation is dominant.
For the non-monotonic U-shaped curve of fracture toughness vs. crack velocity, there exists a minimum of
interface fracture toughness Css with the corresponding crack velocity _a
. Our studies show that Css and _a
 are
strong functions of mode mixity, rate sensitivity and initial void volume fraction. In particular, it has been
argued that higher mode mixity can raise Css as well as shift _a
 to the right.
Notwithstanding the simplicity of the cell element model and micromechanics-based constitutive law
adopted in this work, the good agreement between computational simulations and experimental toughness
data is encouraging (Conley et al., 1992; Korenberg et al., 2004). This study also oﬀers a plausible explanation
for experimental results showing that fracture toughness is a non-monotonic function of yield stress (Kinloch
and Young, 1983).
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Appendix A. Eﬀect of multi-layer cell elements on the toughness-velocity curves
In the main paper, we adopt an approach developed by Xia and Shih (1995a) in which the FPZ is modeled
by a single layer of void-containing cell elements. In a related study, Shih and Xia (1995) also provided aFig. 11. (a) Steady-state toughness-velocity curves for several rows of void-containing cell elements. (b) Finite element mesh showing
several layers of void-containing cell elements that constitute the FPZ of total thickness h (the thickness of each cell element is D).
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and coalescence display a macroscopically planar fracture process zone of one or two void spacing in thick-
ness. This zone is characterized by intensely strained ligaments between voids which have undergone large
amounts of growth; voids away from this zone show little or no growth. Hence, they model the process of
ductile fracture by conﬁning void growth and coalescence to a narrow material layer of initial thickness D.
Some have argued that due to the nature of cavitation and softening-hardening characteristics of polymers,
their damage process displays wider zones with many voids (Du et al., 2000). In the sense of homogenization,
the layer of cell elements can represent the whole process zone regardless of how many rows of microvoids it is
composed of. Nevertheless, strong gradients of the stress ﬁelds violate the assumption of a suﬃciently homo-
geneous material for a continuum representation to be valid, while on the other hand the length scale involved
is too large in practice to model all voids individually (Tijnenburg et al., 2005). We next account for several
rows of voids in the steady-state fracture process zone.
Let h be the thickness of the FPZ which can be represented by several layers of cell elements. As before,
each layer of cell elements is of thickness D. The crack growth condition for the extra layer of cell elements
is turned oﬀ in order to avoid numerical diﬃculties. Taking f0 = 0.05, n = 6 and w = 0 for a model material,
Fig. 11 shows the inﬂuence of multiple layers of cell elements on steady-state toughness-velocity curves. It is
seen that the multi-layer FPZ modeling does not change the toughness trend though it does aﬀect the dissi-
pation and the resulting fracture toughness. Speciﬁcally, a single layer FPZ modeling (h/D = 1) overestimatesFig. 12. Steady-state toughness as a function of crack velocity with rate-dependent background material (n = 6) and rate-independent
fracture process zone: (a) f0 = 0.01; (b) f0 = 0.05.
2510 S. Tang et al. / International Journal of Solids and Structures 45 (2008) 2493–2511the fracture toughness. This was also conﬁrmed by a similar analysis for failure of an adhesive ﬁlm (Chew
et al., 2005).
Appendix B. Discussion on rate-independent fracture process zone
In this appendix, we examine the crack velocity eﬀect on energy dissipation in a rate-dependent background
material. Here it is obviously desirable to employ a rate-independent FPZ. By trial and error, n = 25 was
found to provide an adequate approximation to the rate-independent case (n?1) as well as computationally
eﬃcient for the range of crack velocity and material parameters considered here. For rate-independent FPZ,
the macroscopic steady-state toughness isCss ¼ C0 þ Cb ðB:1Þ
where C0 represents the intrinsic toughness from rate-independent FPZ. As deﬁned previously, Cb, is the
extrinsic toughening contribution from inelastic dissipation in the background material.
Using a nearly rate-independent FPZ (n = 25), we simulated crack growth in a rate dependent background
material n = 6, and two initial porosities, f0 = 0.01 and 0.05. Fig. 12 displays the toughness-velocity curves for
three mode mixity, w = 30, 0, 45. In low crack velocity regime, the toughness (with primary contribution
from Cb) is shown to be a decreasing function of crack velocity. In high crack velocity regime, the toughness
curves with diﬀerent phase angles appear to converge to ‘residual’ values. This ‘residual’ toughness value is
indicative of the rate-independent intrinsic toughness C0 for the prescribed mode mixity.
Direct attention to the toughness curves for w = 30 and 45 in Fig. 12. Relative to w = 45, it can be
inferred that w = 30 induces lower energy dissipation in the background material at low crack velocity
and comparable residual toughness at high crack velocity We can make use of this observation to interpret
the toughness curves in Fig. 4. It appears that the higher toughness for w = 30 (compared to that for
w = 45) arises from the work of separation in the FPZ.
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